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Abstract. Let 5 be a generalized matrix algebra over a commutative ring TZ, 
q : 5 X 5 — > G be an 7?.-bilinear mapping and Xq : : Q — > Q he sl trace of q. 
We describe the form of satisfying the condition Tq {G)G = GXq (G) for all 
G €. Q. The question of when Xq has the proper form is considered. Using the 
aforementioned trace function, we establish sufficient conditions for each Lie 
isomorphism of Q to be almost standard. As applications we characterize Lie 
isomorphisms of full matrix algebras, of triangular algebras and of certain uni- 
tal algebras with nontrivial idempotents. Some further research topics related 
to current work are proposed at the end of this article. 



1. Introduction 

Let 7^ be a commutative ring with identity, ^ be a unital algebra over TZ and 
Z{A) be the center of A. Let us denote the commutator or the Lie product of the 
elements a, & G ^ by [a, h] = ah — ha. Recall that an 7?.-linear mapping f : A — > A 
is said to be commuting if [f(a), a] = for all a ^ A. When we investigate a com- 
muting mapping, the principal task is to describe its form. The identity mapping 
and every mapping which has its range in Z{A) are two classical examples of com- 
muting mappings. Furthermore, the sum and the pointwise product of commuting 
mappings are also commuting mappings. We encourage the reader to read the well- 
written survey paper |13j . in which the author presented the development of the 
theory of commuting mappings and their applications in details. 

Let n be a positive integer and q: A" — > A. We say that q is n-linear if 
q(ai, • • • , a„) is 7^-linear in each variable a^, that is, q(ai, • • • , rai + shi, • • • , a„) — 
rq(ai, • • • ,ai,--- , a„) -|- sq(ai, • • • , &i, • • • , a„) for aU r,s e TZ, ai, hi e A and i = 
1, 2, • • • ,n. The mapping Tq : A — > A defined by Tq(a) = q(a, a, • • ■ , a) is called 
a trace of q. We say that a commuting trace Tq is proper if it is of the form 

n 

Tq(a) =^A^,(a)a"-\ Va e A, 

i=Q 

where fJ-i{0 < i < n) is a mapping from A into Z{A) and each /ii(0 < i < n) 
is in fact a trace of the z-linear mapping q^ from A^ into Z{A). Let n = 1 and 
f : A — > A be an 7?,-linear mapping. In this case, an arbitrary trace of f exactly 
equals to itself. Moreover, if a commuting trace of f is proper, then it has the 
form 

Xf(a) ~ za + ri{a), Va G A, 
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where z e Z{A) and rj is an 7?.-linear mapping from A into Z{A). Let us see 
the case of n = 2. Suppose that g: Ax A — > A is an 7?.-bihnear mapping. If a 
commuting trace Tg of g is proper, then it is of the form 

'Xg(a) za^ + ii{a)a + J^(a), Va £ A, 

where z € Z{A), ji is an 72.-hnear mapping from A into Z{A) and i/ is a trace 
of some bihnear mapping. It was Bresar who initiated the study of commuting 
traces of multihnear mappings in [TTl [T^] , where he investigated the structure of 
commuting traces of (bi-)hnear mappings on prime rings. It has turned out that 
this study is closely related to the problem of characterizing Lie isomorphisms or 
Lie derivations of associative rings [6]. Lee et al further generalized Bresar's results 
by showing that each commuting trace of an arbitrary multilinear mapping on a 
prime ring has the so-called proper form |30) . 

Cheung in [21] studied commuting mappings of triangular algebras (e.g., of upper 
triangular matrix algebras and nest algebras). He determined the class of triangular 
algebras for which every commuting mapping is proper. Xiao and Wei |55j extended 
Cheung's result to the generalized matrix algebra case. They established sufficient 
conditions for each commuting mapping of a generalized matrix algebra [ ^ ^ ] to 
be proper. Motivated by the results of Bresar and Cheung, Benkovic and Eremita 
[7] considered commuting traces of bilinear mappings on a triangular algebra [ q ^ ] . 
They gave conditions under which every commuting trace of a triangular algebra 
[o i3 ] proper. It is worth to mention that the form of commuting traces of 
multilinear mappings of upper triangular matrix algebras was earlier described in 
|4j . One of the main aims of this article is to provide a sufficient condition for each 
commuting trace of arbitrary bilinear mapping on a generalized matrix algebra 
[jvif] proper. Consequently, this make it possible for us to characterize 

commuting traces of bilinear mappings on full matrix algebras, those of bilinear 
mappings on triangular algebras and those of bilinear mappings on certain unital 
algebras with with a nontrivial idempotent. 

Another important purpose of this article is to address the Lie isomorphisms 
problem of generalized matrix algebras. At his 1961 AMS Hour Talk, Herstein 
proposed many problems concerning the structure of Jordan and Lie mappings in 
associative simple and prime rings [27j . The renowned Herstein's Lie-type mapping 
research program was formulated since then. The involved Lie mappings mainly 
include Lie isomorphisms. Lie triple isomorphisms. Lie derivations and Lie triple 
derivations et al. Given a commutative ring TZ with identity and two associative 
7?,-algebras A and one define a Lie isomorphism from A into B to be an 7?.-linear 
bijective mapping ( satisfying the condition 

[([a,5]) = [[(a),[(5)], Va,6eA 

For example, an isomorphism or a negative of an anti-isomorphism of one algebra 
onto another is also a Lie isomorphism. One can ask whether the converse is 
true in some special cases. That is, does every Lie isomorphism between certain 
associative algebras arise from isomorphisms and anti-isomorphisms in the sense of 
modulo mappings whose range is central ? If m is an isomorphism or the negative 
of an anti-isomorphism from A onto B and n is an 7^-linear mapping from A into 
the center Z[B) of B such that n([a, b]) — Q for all a, 6 G ^, then the mapping 



I = m + n 



(♦) 
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is a Lie honiomorphism. We shall say that a Lie isomorphism [ : A — > B is standard 
in the case where it can be expressed in the preceding form 

The resolution of Herstein's Lie isomorphisms problem in matrix algebra back- 
ground has been well-known for a long time. Hua j28| proved that every Lie au- 
tomorphism of the full matrix algebra A4„(I?)(n > 3) over a division ring T) is of 
the standard form This result was extended to the case nonlinear case by 

Dolinar [25j and Semrl 52 and was further refined by them. Dokovic j23] showed 
that every Lie automorphism of upper triangular matrix algebras Tn{TV) over a 
commutative ring TZ without nontrivial idempotents has the standard form as well. 
Marcoux and Sourour ,35^ classified the linear mappings preserving commutativity 
in both directions (i.e., [x,y] = if and only if [f{x),f{y)] = 0) on upper trian- 
gular matrix algebras 7^(F) over a field F. Such a mapping is either the sum of 
an algebra automorphism of 7^(F) (which is inner) and a mapping into the center 
F/, or the sum of the negative of an algebra anti-automorphism and a mapping 
into the center ¥1. The classification of the Lie automorphisms of Tn{V) is ob- 
tained as a consequence. Benkovic and Eremita [7] directly applied the theory of 
commuting traces to the study of Lie isomorphisms on a triangular algebra [ q ^ ] ■ 
They provided sufficient conditions under which every commuting trace of [ q ^ ] 
is proper. This is directly applied to the study of Lie isomorphisms of [q It 
turns out that under some mild assumptions, each Lie isomorphism of [ q ^ ] has 
the standard form (d|k). On the other hand, Martindale together with some of his 
students studied Lie isomorphisms problems of associative rings in a series of papers 
[8l|9l|33[38llini|4ll|42l|43l|5T]. Speaking in a loose manner, the problems have 
been resolved provided that the rings in question contain certain nontrivial idem- 
potents. Simultaneously, the treatment of the problems has been extended from 
simple rings to prime rings. The question whether the results on Lie isomorphisms 
can be obtained in rings containing no nontrivial idempotents has been open for a 
long time. The first idempotent free result on Lie isomorphisms was obtained in 
1993 by Bresar 111 . Under some mild technical assumptions (which were removed 
somewhat later [Mj ) , he described the form of a Lie isomorphism between arbitrary 
prime rings. This was also the first paper based on applications of the theory of func- 
tional identities. Just recently, Beidar, Bresar, Chebotar, Martindale jointly gave 
a final solution to the long-standing Herstein's conjecture of Lie isomorphisms of 
prime rings using the theory of functional identities, see the paper [5] and references 
therein. Simultaneously, Lie isomorphisms between rings and between (non-)self- 
adjoint operator algebras have received a fair amount of attention and have also 
been intensively studied. The involved rings and operator algebras include (semi- 
)prime rings, the algebra of bounded linear operators, C*-algebras, von Neumann 
algebras, iJ*-algebras, Banach space nest algebras, Hilbert space nest algebras, re- 
flexive algebras, see 0^0,3, 16, 17, 18, 19, 34,. 36, 44, 45, 46,49, .50, 52, 53, 54, 56, .57]. 

This is the first paper in a series of two that we are planning on this topic. The 
second paper will be dedicated to studying, in more detail, centralizing traces and 
Lie triple isomorphisms on triangular algebras and those mappings on generalized 
matrix algebras |33j . The roadmap of this paper is as follows. Section 2 contains 
the definition of generalized matrix algebra and some classical examples. In Sec- 
tion 3 we provide sufficient conditions for each commuting trace of arbitrary bilinear 
mapping on a generalized matrix algebra [ ^ ^ ] to be proper (Theorem 13.41) . And 
then we apply this result to describe the commuting traces of various generalized 
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matrix algebras. In Section 4 we will give sufficient conditions under which every 
Lie isomorphism from a generalized matrix algebra into another one has the stan- 
dard form (Theorem 14. 3p . As corollaries of Theorem 14.31 characterizations of Lie 
isomorphisms on triangular algebras, on full matrix algebras and on certain unital 
algebras with nontrivial idempotents are obtained. The last section contains some 
potential future research topics related to our current work. 



2. Generalized Matrix Algebras and Examples 

Let us begin with the definition of generalized matrix algebras given by a Morita 

context. Let TZ he a commutative ring with identity. A Morita context consists 

of two 7?.-algebras A and B, two bimodules aMb and bNa, and two bimodule 

homomorphisms called the pairings $m w : M ®N — > A and ^ nm : N ®M — > B 

B A 
satisfying the following commutative diagrams: 



M ®N ®M ■ 

B A 



■ A®M 

A 



and 



N ®M ®N ■ 

A B 



i®In 



■B®N 

B 



Im' 



M®B' 

B 



M 



N ®A- 

A 



N . 



Let us write this Morita context as [A, B, M, N, ^mn, "^nm)- We refer the reader 
to HH] for the basic properties of Morita contexts. If {A,B,M,N, ^mNj'^nm) is 
a Morita context, then the set 



A 

N 



M 
B 



a 
n 



m 
b 



a <E A,m e M,n e N,b e B 



form an 7?,-algebra under matrix-like addition and matrix-like multiplication, where 
at least one of the two bimodules M and is distinct from zero. Such an 7^-algebra 
is usually called a generalized matrix algebra of order 2 and is denoted by 

A M 
N B 

In a similar way, one can define a generalized matrix algebra of order n > 2. It 
was shown that up to isomorphism, arbitrary generalized matrix algebra of order 
n (n > 2) is a generalized matrix algebra of order 2 [JTl Example 2.2]. If one of 
the modules M and A^ is zero, then Q exactly degenerates to an upper triangular 
algebra or a lower triangular algebra. In this case, we denote the resulted upper 
triangular algebra (resp. lower triangular algebra) by 



j-U _ 



Note that our current generalized matrix algebras contain those generalized matrix 
algebras in the sense of Brown [T5] as special cases. Let A^„(72.) be the full matrix 
algebra consisting of all n x n matrices over TZ. It is worth to point out that the 
notion of generalized matrix algebras efficiently unifies triangular algebras with full 
matrix algebras together. The distinguished feature of our systematic work is to 
deal with all questions related to (non-)linear mappings of triangular algebras and 



" A 


M ' 


^resp. Tc = 


■ A 


O ' 







B 


N 


B 


) 
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of full matrix algebras under a unified frame, which is the admired generalized 
matrix algebras frame, see [3T 1 l32 l [55]. 

Let us list some classical examples of generalized matrix algebras which will be 
revisited in the sequel ( Section |3] and Section|4]). Since these examples have already 
been presented in many papers, we just state their title without any introduction. 
We refer the reader to [311 ES] for more details. 

(a) Unital algebras with nontrivial idempotents; 

(b) Full matrix algebras; 

(c) Inflated algebras; 

(d) Upper and lower triangular matrix algebras; 

(e) Hilbert space nest algebras 



3. Commuting Traces of Bilinear Mappings on Generalized Matrix 

Algebras 

In this section we will establish sufficient conditions for each commuting trace of 
an arbitrary bilinear mapping on a generalized matrix algebra [ ^ ] to be proper 
(Theorem [33]). Consequently, we are able to describe commuting traces of bilinear 
mappings on triangular algebras, on full matrix algebras and on certain unital al- 
gebras with nontrivial idempotents. The most important is that Theorem 13.41 will 
be used to characterize Lie isomorphisms from a generalized matrix algebras into 
another in Section [H In addition, Beidar, Bresar and Chebotar in [4] described 
the form of commuting traces of multilinear mappings on upper triangular ma- 
trix algebras. Motivated by their joint work, we propose a conjecture concerning 
commuting traces of multilinear mappings on generalized matrix algebras. 

Throughout this section, we denote the generalized matrix algebra of order 2 
originated from the Morita context {A, B,a Mb,b Na, ^mn, ^nm) by 



g = 



A M 
N B 



where at least one of the two bimodules M and N is distinct from zero. We always 
assume that M is faithful as a left vl-module and also as a right _B-module, but no 
any constraint conditions on N. The center of G is 



am — mb, na = bn, V m G M, Vn € N 



Indeed, by [321 Lemma 1] we know that the center Z{Q) consists of all diagonal 
matrices [q1], where a G 2{A), b e Z{B) and am = mb, na = bn for all m £ 
M, n Q N. However, in our situation which M is faithful as a left A-module and 
also as a right i?-module, the conditions that a G Z{A) and b e Z{B) become 
redundant and can be deleted. Indeed, if am = mb for all m G M, then for any 
a' G A we get 

{aa — a a)m — a{a'm) — a {am) = {ani)b — a (mb) — 0. 

The assumption that M is faithful as a left A-module leads to aa' — a' a = and 
hence a G Z{A). Likewise, we also have b G Z{B). 

Let us define two natural 7^-linear projections ■ua '■ Q A and ttb '■ Q ^ B hy 



a 
n 



m 
b 



a and ttb ■ 



a 
n 



m 
b 
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[9 °] ' [0 b'] e 2{g), then we have am 
M is faithful as a right _B-module, b = b' 
b e ttb{Z{Q)), which is denoted by (p{a), such that [gjj] 



By the above paragraph, it is not difficuh to see that tta {Z{Q)) is a subalgebra of 
Z{A) and that ttb {Z{Q)) is a subalgebra of Z{B). Given an element a G 'ka{Z{Q)), 
if fn 21 , 1 G Z{Q), then we have am — mb = mb' for all m G Af. Since 

That implies there exists a unique 
G Z{Q). It is easy to 
verify that the map if : iTAiZ{Q)) — > 'Kb{Z{Q)) is an algebraic isomorphism such 
that am = mip{a) and na = ip{a)n for all a G '!TA{Z(Q)),m G M,n G A^. 

Let A and B be algebras. Recall an {A, B)-bimodule is loyal if aA4b — implies 
that a = or & = for all a G ^, 6 G ;B. Let us first state several lemmas without 
proofs, since their proofs are identical with those of [71 Lemma 2.4, Lemma 2.5, 
Lemma 2.6]. 



Lemma 3.1. Let Q 



A M 
N B 



he a generalized matrix algebra with a loyal 

{A, B)-bimodule M . For arbitrary element X G tta{Z{Q)) and arbitrary nonzero 
element a G A, if Xa = 0, then A = 



Lemma 3.2. Let Q = 



A M 
N B 



be a generalized matrix algebra with a loyal 



(A, B)-bimodule M. Then the center Z{Q) of Q is a domain 
The generalized matrix algebra Q - 



A M 
N B 



Lemma 3.3 

central ideals. 

We are ready to state and prove the main result of this section 

A M 
N B 



has no nonzero 



Theorem 3.4. Let G 



be a 2-torsionfree generalized matrix algebra 

over a commutative ring TZ and q: G x Q — > Q be an TZ-bilinear mapping. If 

(1) every commuting linear mapping on A or B is proper; 

(2) TTAiZiG)) = Z{A) ^ A and TTB{Z{g)) = Z{B) ^ B; 

(3) M is loyal, 

then every commuting trace Tq ; Q — > Q of q is proper. 

For convenience, let us write Ai — A, A2 — M, A3 — N and A4 — B. Suppose 
that Tq is an arbitrary trace of the 7^-bilinear mapping q. Then there exist TZ- 
bilinear mappings fij : Ai x Aj — Ai, gij : Ai x Aj — A2, hij : Ai x Aj — >■ A3 and 
kij : Ai X Aj ^ A4, 1 ^ i ^ j ^ 4, such that 



Tq 10 





0.2 




03 


04 





where 



F(ai, 02,03, 04) G{ai,a2,a3,a4) 
H{ai,a2,a3,a4) i\r(ai, 02, 03, 04) 

F(ai, 02,03, 04) 

£'(01,02,03,04) 

iJ(ai, 02, 03, 04) 



oi 02 
03 04 



eg 



y ] fijio,i,aj), 



E 
E 
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if (01,02,03,04) = 



Since Tq is commuting, we have 



= 



kij{ai,aj). 



Fai + Ga^i, — aiF — 02-/? i^02 + 6*04 — oiG — 02^^ 
/foi + Ka^i — a^F — a^H Ha2 + Ka^ — a^G — a^K 



' F 


a ' 




Oi 


02 




H 


K 




"3 


04 





(*) 



for all 



oi 02 
03 04 

Now we divide the proof of Theorem 13.41 into a series of lemmas for comfortable 
reading. 



Lemma 3.5. 7/(01,02,03,04) = /ii3(ai, 03) + ^23(02, 03) + ^33(03, 03) + ^34(03, a4)- 
Proof. It follows from the matrix relation {-k) that 

Hai + Kas - asF ~ a4H ^ 0. (3.1) 
Let us choose 02 = 0, 03 = and 04 = 0. Then (3.1) implies that /iii(ai, oi)ai = 



for all oi G Ai. Obviously, /iii(l,l) 
ft,ii(ai, oi)ai = in turn, we obtain 



and 



0. Replacing oi by oi 4- 1 and 1 — oi in 
(/iii(ai, oi) + hii{ai, 1) + hii{l, ai))(oi + 1) = 



(/iii(ai,ai) - /iii(oi, 1) - /iii(l,ai))(l - oi) = 

for all oi e Ai. Combining the above two equations yields that 2(/iii(ai,l) + 
/iii(l,ai)) = 0. Since Q is 2-torsion free, /iii(oi,oi) = for all oi € Ai. 
Let us take 03 = and 04 = in (3.1). Then we get 

(/ii2(ai, 02) + /i22(a2, a2))ai = (3.2) 

for all oi € Ai,a2 £ A2. Substituting —02 for 02 in (3.2) gives 

(-^12(01, 02) + /i22(a2, a2))ai = (3.3) 

for all oi € Ai,a2 S A2. By (3.2) and (3.3) we know that 2/122(02, 0,2)0.1 = for all 
oi € Ai,a2 e A2. Hence ^122(02, 02) = for all 02 G A2. 

Now the relation (3.2) shows that /ii2(oi; 02)01 = for all oi G ^1,02 G /I2. 
Thus /i.i2(l,02) = 0. Replacing oi by oi + 1 in /ii2(oi, 02)01 = leads to = 
(/ii2(ai, 02) + ^.12(1, a2))(ai + 1) = ^12(01, 02). 

Let us choose oi = 0, 02 = and 03 — 0. Applying (3.1) yields that 04/144(04, 04) 
= for all 04 G A4. Therefore ^.44(1, 1) = 0. Substituting 04 + 1 and 1 — 04 for 04 
in 04/144(04,04) = in turn, we arrive at 

(04 + l)(/l44(04, 04) + /l44(04, 1) + /l44(l, O4)) = 

and 

(1 — 04)(/l44(04, 04) — /l44(a4, 1) — /).44(1, O4)) = 

for all 04 G A4. Combining the above two equations gives 2(/i44(o4, l)+/i44(l, 04)) = 
0. Since Q is 2-torsion free, /i44(a4, 04) = for all 04 G A4. 
If we take oi = and 03 = into (3.1), then 

a4(/l22(02, 02) + /l24(a2, 04)) = (3.4) 
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for all a2 e A2, 04 G v44. Note that the fact /i22(a2, 02) = for all 02 G A2. Hence 
(3.4) implies that 04/124(02,04) — for all 02 G ^2,04 G A4. So ft.24(a2,l) = 0. 
Replacing 04 by 04 + 1 in 04/124(02,04) = 0, we obtain — (04 + l)(/i24(a2, 04) + 
/i24(a2,l)) = /l24(a2,a4)- 

Finally let us choose 03 = 0. Then (3.1) becomes 

/ii4(ai, 04)01 — 04/114(01, 04) = (3.5) 

for all oi G Ai, 04 G A4. Replacing oi by — oi in (3.5) we have 

/ii4(oi, 04)01 + 04/114(01, 04) = (3.6) 

for aU oi G Ai,02 G A2. Combining (3.5) with (3.6) yields /ii4(oi, 04)01 = for aU 
Oi G Ai,a4 G A4. Clearly, /ii4(l,04) = for all 04 G A4. Substituting Oi + 1 for oi 
in /ii4(oi, 04)01 = 0, we get = (7114(01,04) + /ii4(l, 04))(oi + 1) = /ii4(oi, 04) and 
this completes the proof of the lemma. □ 

Similarly, we can show 

Lemma 3.6. G(oi, 02, 03, 04) = 512(01,02) +.922(02,02) +523(02,03) +324(02,04). 

Lemma 3.7. With notations as above, we have 

(1) oi I— /ii(oi,oi) is a commuting trace; 

(2) oi I— > /i2(oi,02),, oi (— )■ /i3(oi,03), oi 714(01,04) are commuting linear 
mappings for each 02 G ^2,03 G ^3,04 G A4, respectively; 

(3) /22,/24,/33,/34,/44 map into Z{Ai). 

Proof. It follows from the matrix relation (-A") that 

Foi + G03 - oii^ - 02iJ = 0. (3.7) 

Let us take 02 = 0, 03 = and 04 = in (3.7). Thus [/ii(oi, oi), oi] — for all 

01 G Ai. 

Let us choose 03 = and 04 — 0. Applying Lemma and (3.7) yields [i^, oi] = 
0, that is 

[/l2(oi, 02) + /22(02, 02), oi] = (3.8) 
for all oi G Ai, 02 G A2. Replacing oi by — oi in (3.8) we obtain 

[/i2(oi,02) - 722(02, 02), oi] = (3.9) 

for all oi G Ai, 02 G A2. Combining (3.8) with (3.9) we get [/i2(oi, 02), oi] = and 
1/22(02, 02),oi] = for aU oi G ^1,02 G A2. 

If we take 03 — 0, then (3.7) and Lemma 13.51 imply that 

[/l4(0i,04) + 724(02,04) + /44(04,04),0i] = (3.10) 

for all oi G ^1,02 G ^2,04 G A4. Substituting — oi for oi in (3.10) we have 

[/i4(ai, 04) - /24(o2, 04) - 744(04, 04), oi] = (3.11) 

for all oi G Ai,02 G ^2,04 G A4. In view of (3.10) and (3.11), we arrive at 
[/i4(ai,a4), oi] = and 1/24(02,04) + /44(o4, 04), oi] = 0. Taking 02 = into 
the last equality we get /44(o4,04) G Z{Ai) and hence /24(o2,04) G Z{Ai) for aU 

02 G A2, 04 G A4. 

Let us choose 02 = 0. By (3.7) and Lemma [3^ it follows that 

[/l3(oi, 03) + /33(03, 03) + /34(03, O4), Oi] = (3.12) 
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for all oi e ^1,03 G A3, 04 e Ai. Let us put 04 = in (3.12). Then 

[/i3(ai,a3) + 733(03, 03), ai] = (3.13) 

for all oi G ^1,03 G A3, which gives 734(03,04) G Z{Ai). Replacing oi by — oi in 
(3.13) yields 

[/i3(oi, 03) - 733(03, 03), oi] = (3.14) 
for all oi G Ai,03 G A3. Combining (3.13) with (3.14) we obtain 733(03,03) G 
Z{Ai) and [7i3(oi, 03), oi] = for all oi G ^1,03 G ^3. □ 

Using an analogous proof of Lemma [3771 the following results hold. 

Lemma 3.8. With notations as above, we have 

(1) 04 H> ^44(04,04) is a commuting trace; 

(2) 04 I— ^14(01, 04), 04 1— ?• ^24(02, 04), 04 n> ^34(03,04) are commuting map- 
pings for each oi G Ai,02 G ^2,03 G A3, respectively; 

(3) fell, fci2, fci3, ^22, ^33 map into Z{A4). 



722(02,02) 

^22(02,02) 



G Z{Q) and 



733(03,03) 

fc33(03,03) 



Lemma 3.9 

Proof. By the relation (V^) we know that 

Fo2 + G'o4-oiG-O2iir = 0. (3.15) 
Let us take oi = and 04 ~ 0. Then (3.15) implies that 

(722(02, 02) +723(02, 03) + 733(03, 03))02 = 02(fc22(02, O2) + ^23 (02 , O3) + /C33 (03 , O3)) 

(3.16) 

for all 02 G A2, 03 G A3. Moreover, setting 03 = in (3.16) we get 

722(02, 02)02 = 02^22(02, 02) (3.17) 

for all 02 G A2. Applying Lemma [3.71 Lemma l378l and [55l Lemma 3.2] yields that 
(722(02,02) — (^3^^(^22(02, 02)))o2 = 0. By the complete linearization we have 

(3{x,y)z + l3iz,x)y + P{y,z)x^0 (3.18) 

for all x,y, z G A2, where 

f3{x,y) = 722(2;, y) - (p-^{k22{x,y)) + 722(2/, a;) - (p~'^{k22{y, x)). 

Obviously, the mapping /? : A2 x A2 — Z{Ai) is bilinear and symmetric. By the 
hypothesis there exist o, & G Ai such that [a,b] ^ 0. Replacing z by az in (3.18) 
and subtracting the left multiplication of (3.18) by o, we get 

(/3(oz, x) - f3{z, x)a)y + (/?(?/, az) - f3{y, z)a)x = 

for all x,y,z G A2. It follows from [7\ Lemma 2.3] that /3{az,x) — /3{z,x)a and 
hence I3{z,x)[a,b] — for all x,z G A2. Applying Lemma l3.ll vields (3 = 0. In 

722(02,02) 



particular, /3(o2, 02) = for all 02 G A2. Thus , / \ & Z(Q). 

[0 ^22(02, 02) J 

Now the relation (3.16) becomes 

(723(02,03) + 733(03, 03))02 = 02(^23(02,03) + fc33(03, 03)) (3.19) 

for all 02 G A2,03 G A3. Substituting —02 for 02 and applying (3.19), we arrive 
at 733('^3i '^3)02 = 02^:33(03,03) for all 02 G A2,a3 G A3. In view of the fact M 
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is faithful as a left A-module and fc33(a3,a3) e Z{B) = TrB{Z{Q)), we assert that 
/33(a3,a3) 



^33(03,03) 



e ZiG). □ 



Lemma 3.10. /i2(ai,a2) = a{a2)ai+(p ^(fci2(ai, 02)) and fc24(a2, 04) = v(a(a2))a4 
+<p(/24(a2,a4)), where a{a2) = /i2(l,a2) - ((3~^(A;i2(l, 02)). 

Proof. Taking a4 = into (3.15) and using (3.16) we have 

(/Ii(ai,ai) + /i2(ai,a2) + /i3(ai,a3))a2-a2(fcii(ai,ai) + fci2(ai,a2) + fci3(ai,a3)) 
-01(312(01,02) +522(02,02) +523(02,03)) =0. (3.20) 
Replacing oi by —ai in (3.20) we get 

(/ii(oi, oi) - /i2(oi, 02) - /i3(oi, 03))a2 - 02(fcii(oi, ai) - fci2(oi, 02) - fci3(ai, 03)) 

-01(512(01,02) -522(02,02) -523(02,03)) = 0. (3.21) 
Combining (3.20) with (3.21) yields 

01512(01,02) = /ii(oi,ai)a2 - 02^11(01, ai), (3.22) 

01522(02,02) = 712(01,02)02 - 02^12(01,02), (3.23) 

01523(02,03) = 713(01,03)02 - a2fci3(ai,a3). (3.24) 
In an analogous way, taking ai = into (3.15) and using (3.16) we obtain 

524(02,04)04 = 02/044(04,04) -744(04,04)02, (3.25) 

522(02,02)04 = 02/024(02,04) -724(02,04)02, (3.26) 
523(02,03)04 = 02/034(03,04) -734(03,04)02. (3.27) 
On the other hand, we have showed that [7i2(oi, 02), Oi] = for all oi G ^1,02 G 
A2. Substituting Oi + 1 for oi leads to 712(1,02) G Z{Ai) for all 02 G A2. By the 
relation (3.23) we know that 

522(02,02) = 0(02)02, (3.28) 

where 0(02) = 712(1,02) - i,5"-^(/ci2(l, 02)) G Z{Ai). Let us set £'(01,02) = 
712(01,02) — 0(02)01 — (p^^(/ci2(oi, 02)). Then (3.23) and (3.28) jointly imply that 
£(01,02)02 = 0, which further gives £(01,02)62 +£(01,62)02 = for all oi G Ai 
and 02,62 G A2. By 7, Lemma 2.3] we conclude that £(01,02) = 0. Hence 
712(01,02) = 0(02)01 + (y9^"'^(/si2(oi, 02)). Similarly, we can show that k24 is of the 
desired form as well. □ 

Lemma 3.11. 713(01,03) = r(a3)oi+(^~^(/i;i3(oi, 03)) 071^/034(03,04) = <^(t(o3))o4 
+.^(734(03,04)), where t(o3) = 713(1,03) - (^~^(/oi3(l, 03)). 

Proof. Note that [7i3(oi, 03), oi] = for all oi G ^1,03 G A3. Substituting oi + 1 
for oi gives 713(1,03) G Z{Ai) for ah 03 G A3. Let us set r(o3) = 713(1,03) - 
(^~^(/oi3(l,03)) and £(01,03) = 713(01,03) -t(o3)oi - ¥?"^(/oi3(oi, 03)). It follows 
from (3.24) that £(01,03)02 = for all oi G ^1,02 G ^2,03 G A3. Since M = A2 
is faithful as a left A-module, we obtain £(01,03) = and hence 713(01,03) = 
T(o3)ai + (/?~^(/oi3(ai, 03)). Similarly, using (3.27) one can prove that /034 is of the 
desired form as well. □ 

Lemma 3.12. There exist linear mapping j : A4 ^ Z(Ai) and bilinear mapping 
6 : Ai X A4 ^ Z{Ai) such that 7i4(oi, 04) = 7(04)01 + (5(oi, 04). 
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Proof. Since ai /i4(ai, 04) is a commuting mapping of Ai for all 04 G A4, there 
exist mappings 7 : A4 — > Z{Ai) and (5 : Ai x yl.4 — > Z{Ai) such that 

/i4(ai,a4) =7(04)01 +S{ai,a4), 

where 5 is 7?.-linear in the first argument. Let us show that 7 is 7?.-linear and that 
5 is 7^-bilinear. It is easy to observe that 

/i4(ai, 04 + 64) — 7(04 + 64)01 + S{ai,a4 + 64) 

and 

/i4(ai,a4) + /i4(ai,64) = 7(a4)ai + (5(ai,a4) + 7(^4)01 + i5(ai,&4)- 

for all for all ai G Ai and 04, 64 e A4. Therefore 

(7(a4 + 64) - 7(04) - 7(64))ai + S{ai,a4 + 64) - (5(ai, 04) - (5(ai, 64) = 

for all oi e yli and 04,64 G A4. Note that both 7 and (5 map into Z{Ai) and 
hence (7(04 + 64) — 7(04) — 7(64)) [oi, 61] = for all ai,6i G Ai and 04,64 G A4. 
Applying Lemma l3 . 1 1 yields that 7 is 7?.-linear. Consequently, S is 7^-linear in the 
second argument. □ 

Lemma 3.13. fci4(ai,a4) = (01)04 + ip{S(ai,a4)), where 7'(ai) — fci4(ai,l) — 
(p{S{ai, 1)). 

Proof. By (3.22) we know that (712(1, 02) = /ii(l, 1)02 ~ 02^11(1, 1) for all 02 G A2. 
On the other hand, the equations (3.22) — (3.27) together with (3.15) imply that 

714(01,04)02 +312(01,02)04 = 01324(02,04) + 02fci4(ai, 04) (3.29) 

for all fli G Ai,a2 G ^2,04 G A4. Let us set oi = 1 in (3.29). Then 

324(02,04) = a2(C04 + ((9(/l4(l,04)) - /Cl4(l,04)) (3.30) 

for all 02 G ^2,04 G A4, where ( — if{fii{l, 1)) — kii{l, 1). Similarly, using (3.25) 
and (3.29) we have 

312(01,02) = {0ai + (^"^(fci4(oi, 1)) - /i4(oi, l))o2 (3.31) 

for all oi G ^1,02 G A2, where 9 — ip^^{k44{l, 1)) — /44(1, 1). Now the equations 
(3.29) — (3.31) and Lemma [3. 121 jointly show that 

(7(04)01 + (5(oi,04))a2 + {9ai + ip^^(ki4{ai, 1)) - /i4(ai, l))a204 

= a2fci4(ai,04) + oi02(Co4 + V5(/i4(l, 04)) - A:i4(l,04)) 
for all oi G ^1, 02 G A2, 04 G A4. That is, 

ai02((C + </'(7(l) - ^')o4 + <;5(<5(1, 04)) - A;i4(l, 04)) 

= a2(7'(oi)a4 + (^((5(01,04)) - ^14(01,04)) (3.32) 
for all oi G Ai,a2 G ^2,04 G A4. Replacing 02 by 6102 in (3.32) and subtracting 
the left multiplication of (3.32) by 61 gives 

[01, 6i]a2((C + <^(7(1) - 6')o4 + ^{S{1, 04)) - fci4(l, 04)) = 

for all 01,61 G Ai,a2 G ^2,04 G A4. Note that M = A2 is loyal and A = Ai is 
noncommutative. It follows that 

fci4(l, 04) = (C + (fihil) - 0)04 + ip{5{l, 04)) 

for all 04 G ^4. Consequently, the relation (3.32) implies that 

-42(7'(oi)o4 + V5((5(oi,a4)) - fci4(oi,04)) = 
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for all 01,04 G Ai. Since A2 
desired form. 



M is faithful as a right -B-module, ku is of the 

□ 



Proof of Theorem 13. 4t Let us write e = 9 — 7(1) and e' — ( — 7'(1)- By the 
equations (3.30) and (3.31) and the form of /14, fci4, we have the following relations: 

512(01, 02) = eoi02 + (^~^(7'(oi))o2, 324(02, 04) = 02(e'o4 + .^(7(04))) (3.33) 

for all oi 6 Ai,02 S ^2,04 G A^. By (3.1) and those similar computational 
procedures we get 

/ii3(ai,a3) = ogEOi +7'(ai)o3, /i34(o3, 04) = £'0403 + (^(7(o4))a3 (3.34) 

for all oi G Ai,03 € ^3,04 G A^. Taking oi = 1 and 04 = 1 into (3.29) and 
combining Lemma 13.121 Lemma 13.131 with (3.33), we conclude that eo2 = 022' for 
all 02 e A2. Note that s e 2{Ai) = tta{Z{G)) and e' e Z{Ai) = TTB{Z{g)). In 

e 



view of 1551 Lemma 3.21 we obtain 



e' 



It follows from (3.22) and (3.33) that 

(/ii(ai,oi) - sal - <y9"^(7'(oi))ai - (^"^(fcii(oi, oi)))a2 = 
for all oi e j4i, 02 G A2. Since A2 — M is faithful as a left A- module, 

/ii(oi,oi) = ea\ + (^"^(7'(oi))oi + (/j"^(A:ii(ai, oi)) 
for all oi e Ai. Similarly, 

A:44(a4, 04) = £'04 + </7(7(a4))a4 + V9(/44(o4, 04)) 

for all 04 € ^4. 

r (T n 1 

and define the mapping ^ : Q 



(3.35) 
(3.36) 



Finally, let us set z 







Z{g) by 



Ol 02 

03 04 

'/'^^(7'(ai))+ 7(04) + 0(02) + ^(03) 

7'(oi) + (/7(7(o4) + 0(02) + r(a3)) 

In view of all conclusions derived above, we see that 



i'{x) : = 'Jq(a;) — zx^ — /i(x)a 



723(02, 03) 







£0203 
^3(02,03) 



£ 0302 



{mod z{g)) 



Oi 02 
03 04 



where x 

I 03 

Tq(x) = ZX^ + fi{x)x + 



Therefore we can write 
723(02,03 



£0203 
^23(02,03) 



0. 



^23(02,03) - £'0302 

for some c G Z{Q). Since q is a commuting mapping, we have 

723(02,03) - £0203 

^23(02, 03) - £'0302 

This implies that 723(02, 03)- £0203 G Z{Ai) = nA{Z{Q)) and fc23(o2, 03)-£'a302 G 
Z{Ai) — itb{Z{Q)). Moreover, it shows that 

(723(02, 03) - £0203)02 = 02(/C23(02, 03) - £'0302) 





Ol 


02 




1 


03 


04 
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and 

a3(/23(a2, 03) - £a2a3) ^ (fc23(a2, 03) - £'0302)03. 

for all 02 G A2, 03 G A3. For convenience, let us write /(a2, 03) — 723(02, 03) — £0203 
and fc(o2,03) = fc23(o2,03) -£'0302. Thus 

(/(02,03) - <yj"^(fc(02,a3)))a2 = 

for all 02 G ^2, 03 G v43. A linearization of the last relation gives 

(/(a2,03) - </3"^(fc(02,03)))62 + (/(62,03) - (^"^(fc(62,03)))02 = 

for all 02, ^2 G ^2, 03 G /I3. Note that the hypothesis yl2 = M is loyal as an {A, B)- 
bimodule. It follows from [7, Lemma 2.3] that /(o2,03) — 93^^(^(02,03)) = for all 
02 G ^2,03 G A3. Hence v maps Q into Z{Q) and this completes the proof of the 
theorem. □ 



As a direct consequence of Theorem 13.41 we get 

r 1 

he a 2-torsionfree triangular 



A M 
O B 



Corollary 3.14. [7! Theorem 3.1] Let T = 

algebra over a commutative ring TZ and q: T xT — > T be an TZ-bilinear mapping. 
If 

(1) every commuting linear mapping on A or B is proper; 

(2) TTAiZiT)) = Z{A) ^ A and 7rB{Z(T)) = Z{B) ^ B; 

(3) M is loyal, 

then every commuting trace Tq : T — > T of q is proper. 

In particular, we also have 

Corollary 3.15. [71 Corollary 3.4] Let n > 2 and TZ be a 2-torsionfree commutative 
domain. Suppose that q : Tn{TVj x%i(7i) — > TniTZ) is an TZ-bilinear mapping. Then 
every commuting trace Tq : 7^ (TV) — > Tn {TZ) of q is proper. 

Corollary 3.16. [71 Corollary 3.5] Let N be a nest of a Hilbert space H. Suppose 
that q: T{M) x T{M) — > T{J^) is an TZ-bilinear mapping. Then every commuting 
trace Tq : T{Af) — > T{N) of q is proper. 

In order to handle the commuting traces of bilinear mappings on full matrix 
algebras we need a technical lemma in below. Recall that an algebra A over a 
commutative ring TZ is said to be central over TZ if Z{A) = TZl. 



Proposition 3.17. Let Q 



TZ M 

N B 



be a 2-torsionfree generalized matrix alge- 
bra over a commutative ring TZ, where B is a noncommutative algebra over TZ and 
both Q and B are central over TZ. Suppose that q: G x Q — > Q is an TZ-bilinear 
mapping. If 

(1) every commuting linear mapping of B is proper, 

(2) for any r G 72. and m G M , rm — implies that r = or m = 0, 

(3) there exist mo G M and bo G B such that mobo and mo are TZ-linearly 
independent, 

then every commuting trace Tq : Q — > Q of q is proper. 
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Proof. For the proof of this lemma, we shaU fonow the proof of Theorem [33] step by 
step and hence use the same notations. However, we have to make expHcit changes 
in some necessary places. All changes take place from the Lemma to the end. 



Step 1. 



/22 (02,02) 

^22(02,02) 
TZl. By (3.17) we know that 



e 7^1 and 



733(03, 03) 

fc33(a3,a3) 



(/22(a2,a2) - </5 ^(fc22(a2,a2)))a2 = 



for all a2 € A2 — M. Note that the fact Ai — TZ in our context. Then the 
assumption (2) deduces that 722(02,02) = <i5~^(fc22(o2, 02)). Using the same proof 

722(02,02) 

^22(02, 02) 



of Lemma 
hand 



one easily obtain 




e 7^1. On the other 
G TZl follows from the second paragraph of the 



733(03,03) 

A:33(a3,a3 
proof of Lemma 13.91 

Step 2. 712(01,02) = a(o2)oi+</j^^(fci2(oi,a2)) and fc24(o2,04) = tp{a{a2))a4 + 
'^5(724(02, 04)), where a(o2) ~ 712(1,02) — (/3^^(A;i2(l, 02)). If only we show that M 
is loyal as an (^i, ^4)-bimodule, then the corresponding form of 7i2 can be obtained 
by copying the proof of Lcmma r3.10l Let rMb = for all r G 7^ and h E B. Suppose 
that 6 7^ 0. Since M is faithful as a right B-module, there exists a m € M such 
that mb ^ 0. However — rmb — r(rnb), the assumption (2) implies that r = 0. 
And hence M is a loyal (Ai, A4)-bimodule. 

It is necessary for us to characterize the form of fc24. By equations (3.26) and 
(3.28) we see that 



02(^4(02,04) - V'(a(o2))04 - 'y5(724(02,04))) = 



(3.37) 



for all Oi G Ai with i = 1,2,4. Since 04 1— > ^24(02,04) is a commuting linear 
mapping on A4, there exist mappings ip : A2 — >■ TZl and uj : A2 x A4 — > TZl such 
that 

^24(02,04) = ^(02)04 + a;(o2, 04), 

where uj is 7^- linear in the second argument. Let us prove that ip is an 7^- linear 
mappings and that uj is an 7?.-bilinear mapping. It is straightforward to check that 



^24(02 + ^2, O4) = V(02 + ^2)04 + w(02 + 62, 04) 



and 



^24(02,04) + ^24(^2,04) = ^"(02)04 + w(02, 04) + V'(&2)04 + ^(62,04). 

for all 02, &2 G A2 and 04 ^ A4. Therefore 

(V'(o2 + 62) - "0(02) - '0(fo2))o4 + w(o2 + 62, 04) - w(o2, 04) - ^(62,04) = (3.38) 

for all 02,62 G A2 and 04 G A4. Note that both ^ and w map into Z[A4). Com- 
muting (3.38) with 64 G A4 we get 

(V'(02 +62) - V(02) - V(62))[04,64] = 

for all 02, 62 G A2 and a^^b^ G A4. Let us choose a^^b^ G A4 such that [04. 64] 7^ 0. 
Since M is faithful as a right A4-module, there exists m d M such that m[o4, 64] 7^ 
0. Thus 

ip^^ (-0(02 + 62) - -0(02) - ■(/'(62))to[04, 64] = 
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for all 02,^2 G A2. The assumption (2) implies that ip is an 7^- linear mapping. 
Consequently, cj is 7?.- linear in the first argument. Rewrite (3.37) as 

a2((V'(a2) - ip{a{a2)))a4 + a;(a2, 04) - ^{hi{a2, ai))) = (3.39) 

for all 02 G A2 and 04 G A4. Setting 02 = "^0 a-nd 04 = feg we obtain 

((/3^^(7/)(mo)) - a(mo))mo6o + (</'"^(w(mo, 60)) - /24(too, &o))"io = 0. 

So a(TOo) = (/3^^(i/'(mo)) and /24('tio,6o) = (/5~^(a;(mo, 60)) by the condition (3). 
Substituting 02 + thq for 02 and 5o for 04 in (3.39) yields 

((/7~^(-0(a2)) - a(a2))mo6o + (v"^('^(a2, ^o)) - f24ia2,bo))mo = 0. 

Therefore a{a2) = (/s^^ (?/'(a2)) for all 02 G A2. Then it follows from (3.39) that 
a;(a2,a4) = f{f2i{0'2, 0-4)) for all 02 G ^2,04 G A4. Hence fc24 has also the desired 
form. 

Since M is loyal, we only need to change the places in the proof of Theorem l3.4[ 
where the noncommutativity of A is involved. However, the proof of Lemma 13.111 
does not involve the noncommutativity of A and hence it still works in our context. 

Step 3. /i4 (resp. fci4) is of the form as in Lemma [3.121 fresp. Lemma [3.131) . 
Note that 1—^ kn(ai, ai) is a commuting 7^-linear mapping on A4. Then there 
exist mappings 7' : Ai — > TZl b and 6' : Ai x Aa ^ Til b such that 

fci4(ai, 04) = 7'(ai)a4 + 5\ai,ai), (3.40) 

where 5' is 7?,-linear in the second argument. Here we denote \b the identity of 
B to avoid confusion in the following discussion. We assert that 7' is an 7^-linear 
mapping and 5' is an 72.-bilinear mapping. In fact, /ci4(l,a4) = 7'(l)a4 + 5'{l,a4) 
and hence A:i4(ai,04) = ai7'(l)a4 + ai5' [l^ai). Therefore 

(7'(ai) - ai7'(l))a4 + <5'(ai, 04) - ai'5'(l, 04) = (3.41) 

for all ai G 7^, a4 G A4. Commuting (3.41) with 64 G An we obtain 

(7'(ai)-ai7'(l))[a4,M =0 

for all ai G TZ, 04, bn £ A4. Moreover, 

(^~^(7'(ai) - ai7'(l))m[a4, 64] = 

for all ai G 7?., 04, 64 G A^ and m G M. Since M is loyal and B is noncommutative, 
we have 7'(ai) — ai7'(l). This implies that 7' is 7?.-linear and hence 6' is 7?.-bilinear. 

It would be helpful to point out here that each of the mappings fij takes its 
values in TZ. Now the identities (3.29), (3.30) and (3.31) jointly yield that 

/i4(ai,a4)a2 + {Oai + ip'^'^ {ku{ai, 1b)) - /i4(ai, lB))a2a4 

= 02^14(01, a4) + aia2(77a4 + ip{fu{l,a4)) - fci4(l,a4)) 
and hence (taking into account the relation (3.40)) 

02 {ip{aiip^^{r]) + (p^'^{j'{ai - 1) - fci4(ai, 1b)) - Oai + /i4(ai, lB))a4 

+ (^((/i4(l, a4) - ^-\6'{l,ai)))ai + ^-\S' (ai, a^)) - fuiai,ai)) } = (3.42) 

for all flj G Ai with i — 1,2,4. Let us choose 04,64 G A4 such that [04,64] ^ 0. 
Then the fact A2 is faithful as a right y44-module and the relation (3.42) deduce 
that 

ip{aiip''^{r]) + (p^^{j'{ai - 1) - ku{ai, 1b)) - 9ai + /i4(ai, ls))[a4,64] = 0. 
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for all ai e Ai. Thus 

(01(^^^(77) + (p"^(7'(ai - 1) - A:i4(ai, Is)) - Oai + /i4(ai, l_B))M[a4, 64] = 

for all fli G Ai. Since M is faithful as a right B-module, there exists a m G M such 
that m[a4,64] ^ 0. Therefore the condition (2) implies that 

01(^^^(77) + (^"^(7'(ai - 1) - fci4(ai, Is)) - 6*01 + /i4(ai, Is) = 

for all ai G Ai. Then the relation (3.42) shows 

(/i4(l,a4) - V~^{S'{l:a4)))ai + (^"i((5'(ai, 04)) = /i4(ai,a4) 

for all ai G Ai,a4 € A4. Let us 7(04) /i4(l, 04) — 04)) and i5(ai, 04) :— 

(p~^{6'{ai,a4)). Then /i4(ai, ai) — 7(04)01 +S{ai, 04) and ^14(01, 04) = 7' (01)04 + 
(^(5(01,04)) 

Finally, following the rest part of the proof of Theorem 13.41 we can obtain the 
required result. □ 

Corollary 3.18. Let TZ be a 2-torsionfree commutative domain and Mn{Ti-) be the 
full matrix algebra over TZ. Suppose that q: A4n(TZ) x Mn{TZ) — > Mn{TZ) is an 
TZ-bilinear mapping. Then every commuting trace Tq : MniTZ) — AiniTZ) o/q is 
proper. 



Proof If n > 3, then X„(7^) = 



By PI Corol- 



M2iTZ) >^2x(n-2)(7^) 
-M(„-2)X2(7^) Mn-2iTZ) 

lary 4.1] we know that each commuting linear mapping on A^2(^) and Mn-2{TZ) 
is proper. The assumptions (2) and (3) in Theorem 13.41 clearly holds for Mn{TZ) 

yields the desired conclusion. 

TZ >^lx2(7^) 
>^2xl(7^) M2{n) 



(71 > 3). Applying Theorem 13.4 

If 77 = 3, then MsiTZ) 
elements 



Therefore there exist 



7710 = [1, 0] e Mix2{TZ) and bo = 



e M2{TZ) 



such that 771060 and 7779 are linearly independent over TZ. By ,55, Corollary 4.1] and 
Proposition 13. 171 we conclude that Tq has the proper form. 
If 71 = 2, the result follows from [Ml Theorem 3.1]. 

Finally, if 7i = 1, the conclusion is obvious. □ 

Corollary 3.19. Let TZ be a 2-torsionfree commutative domain, V be an TZ-linear 
space and B{TZ, V, 7) be the inflated algebra ofTZ along V . Suppose that q : B{TZ, V, 7) 
xB(TZ, V, 7) — > B(TZ, V, 7) is an TZ-bilinear mapping. Then every commuting trace 
Tq : B(TZ, V, 7) — > B{TZ, V, 7) of q is proper. 

Let us see the commuting traces of bilinear mappings of several unital algebras 
with nontrivial idempotents. 

Corollary 3.20. Let A be a 2-torsionfree unital prime algebra over a commutative 
ring TZ. Suppose that A contains a nontrivial idempotent e and that f — 1 — e. If 
eZ{A)e — Z{eAe) ^ eAe and fZ{A)f = Z{fAf) ^ fAf, then every commuting 
trace of an arbitrary bilinear mappings on A is proper. 



It 



eAe eAf 
fAe fAf 

is clear that eAe and fAf are prime algebras. By ^12, Theorem 3.2] it follows that 



Proof. Let us write as a natural generalized matrix algebra 
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each commuting additive mapping on eAe and fAf is proper. On the other hand, 
if {eae)eAf{fbf) = holds for all a,b ^ A, then the primeness of A implies that 
eae = or fbf = 0. This shows eAf is a loyal {eAe, /^/)-bimodule. Applying 
Theorem 13.41 yields that each commuting trace of an arbitrary bilinear mappings 
on A is proper. □ 

Corollary 3.21. Let X be a Banach space over the real or complex field F, B{X) 
be the algebra of all bounded linear operators on X. Then every commuting trace 
of an arbitrary bilinear mapping on B{X) is proper. 

Proof. Note that B{X) is a centrally closed prime algebra. If X is infinite di- 
mensional, the result follows from Corollary 13.201 If X is of dimension n, then 
B{X) = Mn{V). In this case the result follows from Corollary [SHI □ 

4. Lie Isomorphisms on Generalized Matrix Algebras 



In this section we shall use the main result in Section [3] (Theorem 13.41) to de- 
scribe the form of an arbitrary Lie isomorphism of a certain class of generalized 
matrix algebras (Theorem 14. 3|) . As applications of Theorem 14.31 we characterize 
Lie isomorphisms of certain generalized matrix algebras. The involved algebras in- 
clude upper triangular matrix algebras, nest algebras, full matrix algebras, inflated 
algebras, prime algebras with nontrivial idempotents. 

Throughout this section, we denote the generalized matrix algebra of order 2 
originated from the Morita context {A, B,a Mb,b Na, ^mn, '^nm) by 

A M 
N B 



g^ 



where at least one of the two bimodulcs AI and N is distinct from zero. We always 
assume that M is faithful as a left A-module and also as a right S-module, but no 
any constraint conditions on N. 



Lemma 4.1. Let Q = 



A 
N 



M 
B 



be a 2-torsionfree generalized matrix algebra 

x,y]] 



over a commutative ring TZ. Then Q satisfies the polynomial identity [[x'^,y 
if and only if both A and B are commutative. 

Proof. If A and B are commutative, then we can prove that Q satisfies the polyno- 
mial identity [[x^, y], [x,y]] by a direct but rigorous procedure. 

The necessity can be obtained by a similar proof of Zi Lemma 2.7]. □ 

The following proposition is a much more common generalization of (Tj Lemma 
4.1]. We here give out the proof for completeness and for reading convenience. 



be generalized ma- 



T> A -y T ,r \ A M ] , ^, \ A' Af 

Proposition 4.2. Let y = ,r and y' = 

I\ B I\ B 

trix algebras over TZ with 1/2 G 7?.. Let I : Q — > Q' be a Lie isomorphism. If 

(1) every commuting trace of an arbitrary bilinear mapping on Q' is proper, 

(2) at least one of A, B and at least one of A' ,B' are noncommutative, 

(3) M' is loyal, 

then { — m + n, where m : : Q — > Q' is a homomorphism or the negative of an anti- 
homomorphism, m is injective, and n: Q — > ^{G') ^ linear mapping vanishing 
on each commutator. ALoreover, if Q' is central over TZ, then m is surjective. 
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Proof. Clearly [[(x), = for all x E Q. Replacing x by [ ^(y), we get 

[y, [(["^(y)^)] = for all y £ G' . This means that the mapping Tq(y) := [{{-^{yf) 
is commuting. Since Tq is also a trace of the bilinear mapping c\: Q' x Q' — > Q', 
q(y, z) := l{l^^(y)l~^{z)), by the hypothesis there exist A G 2{Q'), a linear mapping 
Ml : G' — > Z{Q') and a trace i^i : Q' — > Z(Q') of a bilinear mapping such that 

t(ri(y)2) = Ay2+Mi(y)y + z.i(y) (4.1) 

for all y G t/'. Let fi ~ jiil and = j^il. Then /i and ly are mappings of Q into 
and /i is linear. Hence (4.1) can be rewritten as 

lix^) = Xl{x)^ + fi{x)l{x) + iy{x) (4.2) 

for all X ^ Q. 

We assert that A ^ 0. Otherwise we have [(x^) — fi{x)l{x) G by (4.2) and 

hence 

l{[[x^y], [x,y]]) = Mx)l{x), l(y)], [l(x), [(y)]] = 

for all x,y £ Q. Consequently, [[x^jy], [x,y]] = for all x,y e G, which is contra- 
dictory to Lemma l4.1l bv our assumptions. 

Now we define a linear mapping m : Q — > Q' by 



m{x) := \{{x) + ]^ii{x). (4.3) 



In view of (4.2) we have 



m{x^) ^ \{{x^) + i/i(a;^) = \^\{xf + \ii{x){{x) + \v{x) + ]^^l{x^). 
On the other hand, 

m{xf = l^\{{x) + = >?^{xf + \^l{x){{x) + '^iJ.{xf. 

Comparing the above two identities we get 

m(a;2) - m(x)2 e Z(g') (4.4) 
for all X ^ Q. Linearizing (4.4) we obtain 

m{xy + yx) — m{x)m{y) — m(y)m(x) G Z{Q') (4.5) 
for all x,y ^Q. In addition, by (4.3) it follows that 

Am([x, y]) = X^l{[x, y]) + ^X^I{[x, y]) = [A[(a;), A[(y)] + ^X^l{[x, y]) 



m{x) - ^^i{x),m{y) - ^fi{y) 
= [m(a;),m(y)] + ^Xn{[x,y]) 



^Xn{[x,y]) 



Therefore 

Xm{[x, y]) - [m(x), m(y)] G Z(^') (4.6) 
for all x,y eQ. Multiplying (4.5) by A and comparing with (4.6) we arrive at 

2Am(a;y) - (A + l)m(a;)m(y) - (A - l)m(y)m(a;) G Z{g') 
for all x,y eQ. Consequently, the mapping 

e{x,y) Am(a;y) - i(A + l)m(a;)m(y) - i(A - l)m(y)m(x) 
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maps from Q x Q into Z[Q'). Let us denote i(A + 1) by a. Then 

Xm^xy) = am{x)m{y) + (a — l)m(y)m(a;) + e{x, y) (4.7) 

for all x,y £ G. 

Our aim is to show that e = and that a = or a = 1. In view of (4.7) we have 
X^m{xyz) = X'^m{x{yz)) — Xam{x)m{yz) + X{a — l)m{yz)m{x) + Xe{x, yz) 
= am{x){am{y)m{z) + (a — l)m(z)m(y) + e(y, z)) 

+ (a — 1) (am(y)m(z) + (a — l)m(z)m(y) + e(y, z))m(a;) + A£(a;, j/z) 
= a'^m{x)m{y)m{z) + a{a — l)m{x)m{z)m{y) + Q:(a — l)m(2/)m(z)m(a;) 
+ [a — \)'^m{z)m{y)m{x) + Ae(x, yz) + Xe{y, z)m(x). 
On the other hand, 

X^m{xyz) — X^m{{xy)z) = Xam{xy)m{z) + X{a — l)m{z)m{xy) + Xe{xy, z) 

= Q!^m(x)m(y)m(z) + a{a — l)m(y)m(x)m(z) + a{a — l)m(z)m(a;)m(y) 

+ (a — Vf'm{z)m{y)xn{x) + Xe{xy, z) + Xe{x, y)m(z). 

Comparing the above two identities we get 

a{a - l)[m(2/), [m(z),m(x)]] + Ae(y,z)m(a;) - A£(a;,y)m(z) e Z[g') (4.8) 

for all x,y,z Q. Substituting for z in (4.8) and using (4.4) we arrive at 

Xe{y, x')m{x) - Xe{x, y)m{xf e Z{g') (4.9) 

for all x,y G Q. Thus (4.3) can be written as 

-A3e(x, y)l{x)^ + X^ {e{y, x") + ii(x)e{x, y)) \{x) G Z{g') (4.10) 

for all x,y d which is due to (4.3). Commuting with arbitrary u ^ Q' and then 
with [[(a;),u] we obtain 

A3e(x,2/)[[[(x)^w],[l(x),^/]] =0 (4.11) 

for all X, y E Q. We may assume that A' is non-commutative. Then choose ai, 02 £ 
A' such that ai[ai,a2]ai 7^ 0. Putting 



ai 




and u 



02 m 




for some xq £ Q and an arbitrary m G M' in (4.11) gives 

TrA'{X^s{xo,y))ai[ai,a2]aim = 

for all m G M' . By the loyality of M' it follows that tta' {X^e{xo,y))ai[ai,a2]ai = 0. 
Hence TTA'{X'^s{xo,y)) = by Lemma \3A\ This shows that X^e{xo,y) = for all 
y £ Q- Since A 7^ 0, e(xo,0) = by Lemma [3?2] According to (4.10) we now get 
X'^£{y,xl){{xQ) G Z(a') for aU y £ Q. This implies that e{g,xl) = 0. We assert 
that e is symmetric. Taking z = x into (4.8) and using (4.3) yields 

X\e{y,x) - e{x,y)Y{x) £ Z{g') (4.12) 

for all x,y £ Q. If x = xo, then X'^e{y, xo)l{xo) G -2(Cy') for all y E Q. Thus, 
similarly as above, we conclude that e{g,XQ) = 0. Replacing x hy x + xq in (4.12) 
we have 

X^{eiy,x)~eix,y))lixo)eZig') 
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for all x,y G. This implies that e is symmetric. Replacing x by ?/ ± a;o in (4.9) 
and combining those two relations we get 

2\e{y, xo o y)m{xo) ~ 2Xe{y, y)m{xo f G Z{g') 

for all y E Q, which can be in view of (4.3) written as 

~X^e{y, y)m{xof + {e{y, xooy)~ fi{xo)e{y, y)) l{xo) G Z{g') 

for ail y E Q. Therefore 

A^e(?/, y)[[m{xo)'^, u], [m{xo), u]] = 

for all y e ^ and u G Q' . Similarly as above it follows that X^e{y,y) = and 
hence e{y, y) — for all y & G- The linearization of e{y, y) = shows that e = 0. 
Correspondingly, (4.8) gives 

A4a(a-l)[[(a;),[[(y),[[(z),[(H]]] =0 

for all X, y, z,w G Q, Since I is surjective, we know that X'^a{a—l)[x' , [y', [z 
for all x',y',z',w' G G' ■ Let us take 

1 




= 



and 



m 




where m is an arbitrary element in M' . Thus tt^' {X*a{a — l))m = for all m G M' . 
Therefore TTji>{X'^a{a — 1)) = and hence X*a{a — 1) = 0. Using Lemma [3.21 we 
see that a = or a = 1. 

Assume that a = 0. Then X — 2a — 1 = —1, which by (4.7) further implies that 
m is an anti-homomorphism. Let us write n(a;) — fj,{x)/2. It follows from (4.3) that 
[ = — m + n, which clearly yields that n([a;, y]) — for all x,y G Q. In an analogous 
way we claim that if a = 1, then [ = m + n, where m is a homomorphism and 
n(a:) = —ii{x)/2 vanishing on each commutator. 

We next show that m is injective. Suppose that m{x) — for some x E Q. Then 
l{x) G Z{Q') and hence x G Z{Q). Thus ker(m) G Z{Q). Note that the generalized 
matrix algebra Q does not contain nonzero central ideals (see Lemma 13. 3p . So 
ker(m) — 0. 

Finally, we need to prove that if Q' is central over TZ^ then m is surjective. 
We claim that m(l) — 1 or m(l) = —1. Since [ is a Lie isomorphism, we have 
[(1) G Z{Q') and hence m(l) = [(1) — n(l) G Z{Q'). Further, in the case m is a 
homomorphism, we have m{x) = m(l)m(a:) for all x E Q. Using m(a;) = l{x) — n{x) 
we get (m(l)-l)[(a;)-(m(l)-l)n(.T) = for all a; G G. Hence {m{l) - l)[g' , G'] = 0. 
Applying Lemma [3T] yields that m(l) = 1. Similarly, if m is the negative of an anti- 
homomorphism, we obtain m(l) — —1. We may write n(a;) — i){x)l for some linear 
mapping : G — > TZ. Therefore l{x) = m{x) + i){x)l = m{x ± f)(x)l). So m is 
surjective, which is due to the fact [ is bijective. Thus we complete the proof of the 
proposition. □ 



Theorem 4.3. Let G = at n '^^^ = ,t, be generalized matrix 

algebras over TZ with 1/2 £ 7Z. Let I : G — > G' be a Lie isomorphism. If 

(1) every commuting linear mapping on A' or B' is proper, 

(2) ^A-{Z{G')) = Z{A') ^ A' and nB'{Z{G')) - Z{B') ^ B' , 

(3) either A or B is noncommutative, 

(4) M' is loyal, 
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be 



then [ = m + n, where m: : Q — > Q' is a homomorphism or the negative of an anti- 
homomorphism, m is injective, and n: Q — > Z{Q') is a linear mapping vanishing 
on each commutator. Moreover, if Q' is central over TZ, then m is surjective. 

Proof. It follows from Tlieoreni l3.4l and Proposition 14. 21 directly. □ 

As a direct consequence of Theorem 14.31 we have 

' A Af 1 [A' AT' 

Corollary 4.4. [7, Theorem 4.3] Let G ^ ^ " and G' ^ ^ " 

triangular algebras over TZ with 1/2 E TZ. Let I: G — > G' be a Lie isomorphism. If 

(1) every commuting linear mapping on A' or B' is proper, 

(2) TTA'iZiG')) = ZiA') ^ A' and TrB'iZ{G')) = Z{B') ^ B' , 

(3) either A or B is noncommutative, 

(4) M' is loyal, 

then { = m + n, where m: : G — > G' is a homomorphism or the negative of an anti- 
homomorphism, m is injective, and n: G — > Z{G') is a linear mapping vanishing 
on each commutator. Moreover, if G' is central over TZ, then m is surjective. 

In particular, we also have 

Corollary 4.5. [71 Corollary 4.4] Let n > 2 and TZ be a commutative domain 
with ^ & TZ. If I: Tn{TZ) — > Tn{TZ) is a Lie isomorphism, then [ = m + n, where 
m : Tn {TZ) — > Tn (TZ) is an isomorphism or the negative of an antiisomorphism and 
n : Tn (Ji-) — > is a linear mapping vanishing on each commutator. 

Corollary 4.6. [7, Corollary 4.5] Let JV and N' be nests on a Hilbert space H, 
T{M) and T{J\f') be the nest algebras associated with J\f and J\f' , respectively. If 
(: T{M) — > T{M') is a Lie isomorphism, then [ = m + n, where m: T{M) — > 
T{Af') is an isomorphism or the negative of an antiisomorphism and n: T{Af) — > 
CI' is a linear mapping vanishing on each commutator. 

For the Lie isomorphisms of full matrix algebras, we have similar characteriza- 
tions. 

Corollary 4.7. Let TZ be a commutative domain with E TZ. If I: A^„(7?.) — ^ 
A4n{T^) (n > 3) is a Lie isomorphism, then I = m + n, where m: A^„(7^) — ?> Ain{TZ) 
is an isomorphism or the negative of an anti-isomorphism and n: A^„(7?.) — > TZl is 
a linear mapping vanishing on each commutator. 

TZ A^ix(„-i)(7e) ' 

A^(„-i)xiW x„-l(7^) 

shows that each commuting trace of arbitrary bilinear mapping on Ain{TZ) is 
proper. Moreover, A4n-i{TZ) is noncommutative and 7Wix(„_i)(7?.) is a loyal 
(7^, A^„_i(7?.))-bimodule. Hence Proposition 14.21 implies the conclusion. □ 

Corollary 4.8. Let TZ be a commutative domain with ^ E TZ, V be an TZ-linear 
space and B{TZ,V,j) be the inflated algebra of TZ along V. If I: B{TZ,V,j) — > 
B{TZ, y, 7) is a Lie isomorphism, then I = m+n, where m: BiJZ, V, 7) — > B{TZ, V, 7) 
is an isomorphism or the negative of an anti-isomorphism and n : B{TZ, V, 7) — > TZl 
is a linear mapping vanishing on each commutator. 

Let us consider the Lie isomorphisms of several unital algebras with nontrivial 
idempotents. 



Proof We write MniTl) 



Corollary 13.161 
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Corollary 4.9. Let A be a unital prime algebra with nontrivial idempotent and 
I: A — > A be a Lie isomorphism. Then every Lie isomorphism is of the standard 
form 

Corollary 4.10. Let X be a Banach space over the real or complex field ¥, B{X) 
be the algebra of all bounded linear operators on X . Then every Lie isomorphism 
has the standard form 

5. Potential Topics for Further Research 

Although the main goal of the current article is to consider commuting traces 
and Lie isomorphisms on generalized matrix algebras, there are more interesting 
mappings related to our current work on generalized matrix algebras. These map- 
pings are still considerable interest and will draw more people's our attention. In 
this section we will propose several potential topics for future further research. 

Let 7^ be a commutative ring with identity, ^ be a unital algebra over TZ and 
Z{A) be the center of A. Recall that an 7^-linear mapping f : A — > A is said 
to be centralizing if [f(a),a] G Z{A) for all a & A. Let n be a positive integer 
and q : A^ — > A be an n-linear mapping. The mapping Tq : A — > A defined by 
T(,(a) — c|(a,a, • • • , a) is called a trace of q. We say that a centralizing trace Tj, is 
proper if it can be written as 

n 
i=0 

where Hi{Q < i < n) is a mapping from A into Z{A^ and every iJ,i{0 < i < n) is in 
fact a trace of an i-linear mapping q^ from A^ into Z{A). Let n = 1 and f: A — > A 
be an 72.-linear mapping. In this case, an arbitrary trace of f exactly equals to 
itself. Moreover, if a centralizing trace of f is proper, then it has the form 

Tf(a) = za + r]{a), Va G A, 

where z e Z{A) and rj is an 7?.-linear mapping from A into Z{A). Let us see 
the case oi n — 2. Suppose that g: A x A — > A is an 7?.-bilinear mapping. If a 
centralizing trace Tg of g is proper, then it is of the form 

Tg(a) = za^ + /i(a)a + iy{a), Va £ A, 

where z G Z{A), fj. is an 7^-linear mapping from A into Z{ A) and v is a trace of some 
bilinear mapping. Bresar started the study of commuting and centralizing traces of 
multilinear mappings in his series of works [TOl [11] [121 [13] , where he investigated the 
structure of centralizing traces of (bi-)linear mappings on prime rings. It has turned 
out that in certain rings, in particular, prime rings of characteristic different from 
2 and 3, every centralizing trace of a biadditive mapping is commuting. Moreover, 
every centralizing mapping of a prime ring of characteristic not 2 is of the proper 
form and is actually commuting. Lee et al further generalized Bresar's results by 
showing that each commuting trace of an arbitrary multilinear mapping on a prime 
ring also has the proper form [30] . An exciting discovery is that every centralizing 
trace of arbitrary bilinear mapping on triangular algebras is commuting in some 
additional conditions. 
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Theorem 5.1. [331, Theorem 3.4] i^^tT = 



A 
O 



M 
B 



ras over a commutative ring TZ and q : T xT 



be a 2-torsionfree triangular 
T be an TZ-bilinear mapping. 



If 



(1) every commuting linear mapping on A or B is proper, 

(2) ^A{Z{r)) - Z{A) ^ A and 7:b{Z{T)) = Z{B) ^ B, 

(3) M is loyal, 

then every centralizing trace Tq : T — > T of q is proper. Moreover, each central- 
izing trace Tq of q is commuting. 



It is natural to formulate the following question 
Question 5.2. Let T = 



be a 2-torsionfree triangular algebra over a 
T be an n-linear mapping. Suppose 



A M 
O B 

commutative ring TZ and q: TxTx---xT 
that the following conditions are satisfied 

(1) each commuting linear mapping on A or _B is proper; 

(2) TTA{Z{g)) = Z{A) ^ A and TiB{Z{g)) = Z{B) ^ B; 

(3) M is loyal. 

Is any centralizing trace Tq : T — > T of q proper ? Furthermore, what can we 
say about the centralizing traces of multilinear mappings on a generalized matrix 

? 



algebra Q = 



A M 
N B 



Let 7^ be a commutative ring with identity, A and B be associative 7?.-algebras. 
We define a Lie triple isomorphism from A into B to be an 7?.-linear bijective 
mapping [ satisfying the condition 

l{[[a,b],c])^[[i{a),i{b)],l{c)], Va,&,ce A 

Obviously, every Lie isomorphism is a Lie triple isomorphism. The converse is, 
in general, not true. In j33j we apply Theorem 15.11 to the study of Lie triple iso- 
morphisms on triangular algebras. It is shown that every Lie triple isomorphism 
between triangular algebras also has an approximate standard decomposition ex- 
pression under some additional conditions. That is 



A 
O 



M 
B 



and T' 



A' M' 
O B' 
T' be a Lie triple 



Theorem 5.3. [33l Theorem 4.3] Let T = 

be triangular algebras over TZ with 1/2 G TZ. Let 1: 7" 
isomorphism. If 

(1) every commuting linear mapping on A' or B' is proper, 

(2) TTA'iZiT')) - Z{A') A' and 7tb'{Z{T')) = Z[B') ^ B' , 

(3) either A or B is noncommutative, 

(4) M' is loyal, 

then I = ±m + n, where m : T — > T' is a Jordan homomorphism, m is injective. 
and n: T — > Z(T') is a linear mapping vanishing on each second commutator. 
Moreover, if T' is central over TZ, then m is surjective. 



A question closely related to the above theorem is 
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Question 5.4. Let G 



A 

N 



M 
B 



and Q' 



A' 
N' 



M' 
B' 



be generalized matrix 



algebras over 7?. with 1/2 &TZ. Let [: Q — > Q' be a Lie triple isomorphism. Under 
what conditions does I has a similar decomposition expression ? 
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